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Abstract 

Deformed Harmonic Oscillator Algebras are generated by four op- 
erators two mutually adjoint a and a\ and two self-adjoint N and the 
unity 1 such as : 

[a,N] = a, [cfi,N] = —a\ a) a = ip(N) and aa) = ^{N + l). 
The Bargmann Hilbert space is defined as a space of functions, holo- 
morphic in a ring of the complex plane, equipped with a scalar product 
involving a true integral. In a Bargmann representation, the operators 
of a Deformed Harmonic Oscillator Algebra act on a Bargmann Hilbert 
space and the creation (or the annihilation operator) is the multi- 
plication by z. We discuss the conditions of existence of Deformed 
Harmonic Oscillator Algebras assumed to admit a given Bargmann 
representation. 



1 Introduction 

In previous papers |J, 0, 0, we introduced what we have called Deformed 
Harmonic Oscillator Algebras (DHOA). 

Definition 1.1 A Deformed Harmonic Oscillator Algebra is a free algebra 
generated by four operators : 
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- the annihilation operator a, the creation operator a) that are mutually ad- 
joint, 

- the self-adjoint energy operator N and the unity 1 
satisfying the following commutation relations : 



[a,N]=a, [a^N] = -a\ a) a = ip(N), aa) = ip(N + 1) (1) 
where if) is a real analytical function. 

When tp(N) = N + A , A being in the field, we recover the commutation 
relations of the usual harmonic oscillator algebra. 



Generalizing the pioneer work of Bargmann [12 for the usual harmonic os- 
cillator, we have studied in H, H and [EJ the Bargmann representations of 
the DHOA, defined by (0). 

Definition 1.2 A Bargmann Hilbert space is a space S of functions, holo- 
morphic on a ring D of the complex plane, the scalar product of which is 
written with a true integral on the form : 



(g,f) = J F(zz)f(z)g(z)dzdz (2) 

A Bargmann representation of a Deformed Harmonic Oscillator Algebra is a 
representation on a Bargmann Hilbert space such as the annihilation or the 
creation operator admits eigenvectors generating S. 

Let us stress that in this definition, we discard the occurrence of q-integration 
in the scalar product, contrarily to many authors, see in particular ||[f|. 
In this paper, starting from the reciprocal point of view of that developed 
in [|J], and [pj, we construct the DHOA defined by a given Bargmann 
representation. That is, a Bargmann Hilbert space S being given, we look 
for DHOA that can be represented by operators acting on S. 
In section ^|, we recall briefly the irreducible representations of the DHOA on 
the basis of the eigenvectors of N and we discuss the existence of coherent 
states, defined as the eigenstates of the operators a (or a'). In section we 
summarize the study of Bargmann representations for the DHOA, done in 
EL Hi an d @] arid set up the relations between the weight function F defining 
the scalar product and the function if) characterizing the DHOA. Section 01 
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is devoted to the true subject of this paper. We study the conditions of 
existence of a function ip and consequently of a DHOA defined by (0) when 
we impose that the DHOA has a representation on a given Bargmann Hilbert 
space. We prove that if the weight function F fulfills sufficient and necessary 
conditions, the construction can be performed. Furthermore, we obtain a 
necessary condition on the function ip in order that the DHOA admits a 
Bargmann representation when the domain of the coherent states is a true 
ring. In section |5|, we treat several examples illustrating our construction, 
showing in particular that the sufficient conditions obtained in Section 4, are 
not necessary. 



2 Representations 
2.1 Eigenvectors of N 

Let | > be the eigenvector of N with eigenvalue \i that is assumed to be 
zero to simplify the notations and is restored when necessary for discussions. 
We built the normalized vectors | n > 

»>H ^ „-mn. neN - (3) 




with 



1, n = 



K = ^{n)\ = { nLiV^W, neN+- {0} (4) 

mtm, neN- 

N + and iV~ are the set of integers > and < 0. 

The vectors | n > are the eigenvectors of iV with eigenvalue n and span the 
Hilbert space 7i. The condition that < n \ aa) \ n > is strictly positive, 
restricts the spectrum of N. The elements of SpN are the integers in any 
interval [u, v'\ in which the function ip is finite and strictly positive. Eventu- 
ally one of the edge or both can be infinity. When one edge is finite, it is an 
integer when fi = 0, and a zero of ip. We thus get different types of repre- 
sentations [K| j [ 0J according as ip has no zero, one zero or more, the 



distance between two consecutive zeros being integer. The representations 
are defined by : 
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a t | n >= (tp(n + 1)) 1/2 | n + 1 > 

a\n>= (i/j(n)) 1/2 \ n - 1 >, n G SpN (5) 
N | n >= (n) | n > 

When fj, is kept different from zero, al the relations of this section remain 
valid provided we change ip(p) into + p). 

Proposition 2.1 By construction, the eigenvalue p of the starting state 
j > belongs always to the spectrum of N. 

The first step to build a Bargmann representation requires to study the 
coherent vectors that constitute the basis vectors of the representation. 



2.2 Coherent states 

We call coherent states, the eigenvectors of the operator a or a) . 

The state | z >= J2 P c p | p > is an eigenvector of the annihilation operator a 

if the coefficients c p verify the recursive relation 



zc. 



p 



^( p+ lfl\ p+l (6) 

When the spectrum of iV is finite, we have proved that a and a' have no 
eigenvectors, hence no Bargmann representation exists. 
When the spectrum of iV is no upper bounded, let us denote this spectrum 
SpN = A + N + , with the convention A + iV + = Z when A = — oo. It results 



from Proposition [2.1| , that A G N + {0}. The eigenvectors | z > of a take 
the form : 

A oo 

| z >= J2 z n (ip(n)\) 1/2 \ n>+Y, z n (?P(n)\)- 1/2 \ n> (7) 

n=— 1 n=0 

The domain D of existence of the coherent states depends on the function 
ip. Indeed, | z > belongs to the Hilbert space spanned by the basis | n > 
only if the series in the right hand side of (0) are convergent in norm, see the 
detailed discussion in JT|, @? 0- 

An analogous reasoning holds when SpN is no lower bounded, for the eigen- 
states of a', it results from Proposition |2J] that, in this case, A G — {0}. 
We have proved that the eigenstates of a and a* never coexist. Let us sum- 
marize the results : 
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Proposition 2.2 The eigenvectors of the annihilation operator of a De- 
formed Harmonic Oscillator Algebra exist if the function if) occurring in the 
relations (j7[j belongs to two classes : 

• if) is a strictly positive function without singularity on the whole real axis, 
SpN = Z , and 

lim p ^_ 00 if)(p) 1 ^ 2 < lim p ^ 00 il){p) 1 / 2 , then the domain of existence of the co- 
herent states is : 

D = {z; lim p ^_ 00 if)(p) 1/2 <\ z \< lim p ^ 00 if)(p) 1/2 }. 

• It exists A G N~ + {0} such that if>{\) = and if) is strictly positive without 
singularity when x > X, SpN = A + iV + then : 

D = {z; | z |< lim^^ip) 1 / 2 } . 

and 

Proposition 2.3 The eigenvectors of the creation operator of a Deformed 
Harmonic Oscillator Algebra exist if the function if) occurring in the relations 
(W belongs to two classes : 

• if> is a strictly positive function without singularity on the whole real axis, 
SpN = Z , and 

limp^ooifjip) 1 / 2 > limp^ipip) 1 / 2 , 

then the domain of existence of the coherent states is 

D = {z; lim p ^ OQ if)(p) 1/2 <\ z \< lim p ^_ 00 if)(p) 1/2 }. 

• It exists A G N + — {0} such that ip(X) = and if is strictly positive without 
singularity when x < \, then SpN = A + N~ and 

D = {z; | z |< limp^^ifip) 1 / 2 } . 

When the eigenvalue of | > is fi ^ 0, from Proposition |2.1| , the point fi, 
instead of the origin, belongs to SpN and the statements of the propositions 
must be changed accordingly. 

Proposition 2.4 The nature of the operators (to be creation or annihilation 
operators) is inverted in the change : 

a = a'\ N = -N'-l, ip{p) = if)'{-p). (8) 
From this change, we deduce that Proposition [O can be obtained from 



Proposition [2.2j In the following section, we set up the Bargmann repre- 



sentation when the eigenvectors of the annihilation operator exist and using 



Proposition [2.4| we obtain the corresponding results when the eigenvectors of 



the creation operator exist. 
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3 Bargmann representation 

Let | / > be one state of Tt : 



/ >= E fn I n >, E l/J 2 <°° ( 9 ) 

nGSpN n£SpN 



with SpN = A + iV + and A G N~ + {0}. Following the construction [12 
in the Bargmann representation any state | / > of H is represented by the 
function of a complex variable z, f(z) =< z | / > : 



/(*) = £ /WW!" 1 / 2 + ]T z n 7„(V(n)!) 1/2 , £ I A l'< «) (10) 

n>0 n<0 n>A 

where the variable 2 belongs to the domain D of definition of the eigenvectors 
of a. 

• Let us summarize the results when the eigenvectors of a exist : 

Proposition 3.1 Let the function ip characterizing the Deformed Harmonic 

Oscillator Algebra (y|j belong to the first class described in Proposition \2.Q . 

The space S of the Bargmann representation is constituted with holomorphic 

functions in D = {z; lirrip^-ooTp^p) 1 / 2 <\ z |< limp^oo^p^p) 1 ^ 2 } , 

the Laurent expansions of which read ( |77|j with A = —00. 

In particular, when lim p _ > „ 00 ^(p) 1 ^ 2 = 0, D is a disk excluding the origin 

that is a essential singularity point. 



Proposition 3.2 Let the function ip characterizing the Deformed Harmonic 
Oscillator Algebra (j^) belong to the second class described in Proposition \2.3j . 
The space S of the Bargmann representation is the subspace of the space of 
functions holomorphic in D = {z; 0<|z|< limp^^^p^p) 1 ^ 2 } , 
the Laurent expansions of which read §T(\). 

The functions of S are of the form z x g(z) where A is the lowest bound of the 
spectrum of N and g(z) is holomorphic in D + {0}. The origin is a pole of 
multiplicity lower or equal to —A. In particular, when A = 0, the functions 
of S are holomorphic at the origin. 
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In particular, to the basis vectors | n >, n e SpN correspond the monomials : 

-I _ / z n (ij{n)\)- 1 /\ n> ( v 

< Z 1 n >_ \ ^(n)!) 1 / 2 , n < o 

• Let us summarize the results when the eigenvectors of a* exist : 

Proposition 3.3 Let the function ip characterizing the Deformed Harmonic 
Oscillator Algebra ffi) belong to the first class described in Proposition \2.3j . 
The space S of the Bargmann representation is constituted with holomorphic 
functions in D = {z; lim p ^ +00 ip(p) 1 ^ 2 <\ z \< lim p ^_ oc ip(p) 1 ^ 2 } , 
The functions of S can be expanded in Laurent series of the form : 



/(z) = E«""/»V'(n)! 1/2 + 5:«~ B /»(V'(n)0" 1/2 , E \fn \ 2 <oo (12) 

n>0 n<0 n<A-l 

with A = +00. 

In particular, when linip^oo -^(p) 1 / 2 = 0, D is a disk excluding the origin that 
is a essential singularity point. 



Proposition 3.4 Let the function ip characterizing the Deformed Harmonic 
Oscillator Algebra (fj^) belong to the second class described in Proposition \2.3j . 
The space S of the Bargmann representation is the subspace of the space of 
functions holomorphic in D = {z; <| z \< lim p _, O0 , ip(p) 1 ^ 2 } that read 

W- 

The functions of S are of the form z x+1 g(z) where A — 1 is the upper bound 
of the spectrum of N and g(z) is holomorphic in D + {0}. The origin is a 
pole of multiplicity lower or equal to A — 1. In particular, when A = 1, the 
functions of S are holomorphic at the origin. 

In particular, to the basis vectors | n >, n G SpN correspond the monomials : 

- I _ / ^-"(^(n)!) 1 / 2 , n > ( . 

< Z 1 U >_ \ ^"(^(n)!)- 1 / 2 , n<0 [ 6) 

The function of z, G((z) =< z \ ( > corresponds to the coherent state 
| C >• The holomorphic functions belonging to S have analytical properties 
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strongly depending on ip. Their growth on the edge of D is controlled by the 
growth of | G(zz) I 1 / 2 . 

A Bargmann representation exists if we can obtain a positive real function 
F(x) such as 

/f (S )|ixi|« = i (14) 

where the integration is extended to the whole complex plane and where 
F(\ z | 2 ) contains the characteristic function of the domain D of existence of 
the coherent states. The existence of QT3| ) ensures that the scalar product of 
the representation takes the form 
We easily prove that, 

Proposition 3.5 In a Bargmann representation : 

• either a/ is the multiplication by z, a the operator z~ 1 ip(zd/dz) and N the 
operator zd/dz 

• or a is the multiplication by z, the operator z~ A ~ip(— zd j 1 dz) and N the 
operator —zd/dz — 1. 

Let us introduce the Mellin transform F(p) of F(x) : 

F(p) = / F(x)x p - l dx (15) 



o 



From (|TT|) and (14), we deduce that F(p) exists on all the integers belonging 



to the spectrum of iV and verify the following condition : 

P( n + n - / ^^ ! ' n ~ 
Let us remark that 

F{p) < F(n) +F(n + 1), n < Rep < n + 1 (17) 

because F(x) is a positive function. Therefore, the Mellin transform of F 
exists for any p such as Rep G [A + 1, +oo[. 
Formula ( |TBD is equivalent to 

F(n + l)=il>(n)F(n), with F(l) = 1 (18) 
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which ensures that the operators a' = z, a — z~ l ip(zd/dz) be adjoint on 
the basis | n >. In [fj] and 0, we have discussed the interpolation of this 
equation, the simplest one reads : 

Proposition 3.6 The function ip characterizing the DHOA defined in (TJ,) 
and the Mellin transform of the weight function F are related by the following 
equation : 

F(p + 1) = tp(p)F(p), with F(l) = 1. (19) 
when the coherent states are the eigenvectors of the annihilation operator a. 

We obtain an analogous proposition when the basis vectors of the Bargmann 
Hilbert space are the eigenvectors of . In this case, the annihilation operator 
is the multiplication by z. 

Proposition 3.7 The function %p characterizing the DHOA defined in ([][) 
and the Mellin transform of the weight function F are related by the following 
equation : 

F(-p+l) = ^(p + l)F(-p), with F(l) = l. (20) 
when the coherent states are the eigenvectors of the creation operator . 

When the eigenvalue p is different from zero, the only change in Equations 
©and©isV(p)-^V(^ + p)- 

Proposition |3.6| corresponds to functions ip that are finite and positive on 
a non upper bounded interval ]A, +oo[ with A G N~ + {0}, as proved in 



Proposition |27|. The Mellin transform of F given by ( J19|) is finite and positive 



on the same interval. When A is finite, F{X) is infinite. When A is infinite, 

Iitti P{p+1) <r lim P{p+1) 

imip^.oo p ' < lim^+oo p ^ . 

Proposition |3.?1 corresponds to functions ip that are finite and positive on 
a non lower bounded interval ] — oo,A' + 1[ with A' G iV + as proved in 



Proposition 2.3. The Mellin transform of F given by (|20|) is finite and positive 



on the interval ] — A', +oo[. When A' is finite, F(-X') is infinite. When A' is 
infinite, lim^oo F{ f ( P ^ ] > hm p ^ +00 F( f { ^ ] ■ 
These two cases lead to the same conclusions : 
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Proposition 3.8 The Mellin transform of the weight function of the Bargmann 
representation is finite and positive on a non upper bounded interval of the 
real axis. 

• When the lower bound of the interval is finite, it is an negative integer or 
zero and F is infinite at this point. 

• When the interval is not lower bounded, F fulfills the following condition : 

F(p + 1) F(p + 1) 

lim K " 1 < lim v ^ ; 21 

Let remark that, while the spectrum of the energy operator N is a non lower 
or non upper bounded interval in Z, the definition domain of the Mellin 
transform of the weight function must be a non upper bounded interval of 
the real axis containing the origin in order that the construction be possible. 

4 Deformed harmonic oscillator constructed 
from a weight function 

The purpose of the two following sections is to construct a DHOA assumed 
to admit a given Bargmann representation. More precisely, we start with 
a Bargmann Hilbert space S of functions, holomorphic on a ring D of the 
complex plane. The scalar product is written on the form (0) in terms of a 
given function F positive on the interval ]«,/?[. 

The construction can be summarize as follows : We look for a function ip, 
we associate to this function the DHAO defined by ([[]). Then, remains a 
consistency condition : we must prove that this algebra admits a Bargmann 
representation on S, as defined in section [| 

Once the DHOA is constructed, the spectrum of N is obtained and, even- 
tually, the representation space must be restricted according to Propositions 



0,0, 3.3, 3.4 



First, in order to define the function ip by applying (JTS|) or ([ZCD, the Mellin 
transform F of the given weight function F must exist. Secondly, in order 
to define the basis vectors of the representation as the eigenvectors of the 
annihilation operator a (or a'), the function F must be define on a non 



upper bounded interval of the real axis, due to the Proposition 
Let us denote F the Mellin transform of the weight function F : 
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F(p) = [ F(x)x p - 1 dx (22) 

From Proposition |3j| we obtain the following necessary conditions that must 
satisfy F in order that the construction of the DHOA be possible : 

Proposition 4.1 When a Bargmann Hilbert S space is given, a necessary 
condition in order that a DHOA admits a representation on S is that the 
Mellin transform of the weight function defining the scalar product (f|) exists 
on a non upper bounded interval of the real axis. 

• When the lower bound of the interval is finite, it must be a negative integer 
v . The functions of the representation space read : 

/(*) = E J!" r , E l/n| 2 <oo (23) 
n >^_i F(n + 1)2 n > v _ x 

• When the interval is not lower bounded, F must fulfill the following condi- 
tion : 

hm < hm -. (24) 

The functions of the representation space read ([23j) with v = — oo. 

When the previous conditions are satisfied, we are faced with two possibilities 
according as we choose that the basis vectors of the Bargmann representation 
are the eigenstates of the annihilation or of the creation operator : 

Proposition 4.2 When the Mellin transform of the weight function satisfies 
the necessary conditions of Proposition \4- % the function : 



m = %tl> (25 ) 
F(p) 

put in the relations (fip defines a DHOA that can be represented on the 
Bargmann Hilbert space spanned with the eigenvectors of the annihilation 
operator, equipped with the scalar product ([Jj. 
In this representation, the creation is the multiplication by z. 
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Proposition 4.3 When the Mellin transform of the weight function satisfies 
the necessary conditions of Proposition the function : 



F(-p+l) 

put in the relations defines a DHOA that can be represented on the 
Bargmann Hilbert space spanned with the eigenvectors of the creation op- 
erator, equipped with the scalar product (^). 
In this representation, the annihilation is the multiplication by z. 

When the eigenvalue p of the starting state is different from zero, the right 
hand side of fl25|) or fl26|) is unchanged. The left hand side is replaced by 



i/j(p + p), the parameter p of the representation is involved in the data of the 
weight function. 

All the construction is done in terms of the Mellin transform of the weight 
function. It is worthwhile to note that the reproducing kernel G(x) is always 
expressed in terms of F, by the same simple formula : 

n >^_i F(n+ 1) 

The main point is to prove that the DHOA so constructed admits a repre- 
sentation on the Bargmann Hilbert space S, that is we have to establish the 
consistency of the construction. 

4.1 D = D a(3 = {z] < a <| z | 2 < (3 < +00} 
From (^), we obtain the following inequalities : 

f F(p)< a-»F(p + ix) 

\P{p)< pP{p-t) ' Vfl> ° (28) 

that ensure that if F(p) diverges for one value of p, it always diverges and that 
the Mellin transform of F does not exist on the real axis. In the following we 



assume that F exists. Then the Mellin transform (|22|) exists for any p e R 
and is a strictly positive function. The functions i/j defined by (|25|) and (f26|) 
also are strictly positive functions. Using these functions ip in (|l|), we obtain 
the corresponding DHOAs. 
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Since the function tp is strictly positive on R, the spectrum of N is Z. 
The construction is achieved if we prove that the coherent states of the so 
constructed DHOAs exist when a <\ z | 2 < (3. We then have to determine 
the behaviors of the function if) at ±00. 
Let us write (p2|) : 

F{ P ) = p- l (3» j^ p F{(3x l ?)dx (29) 

We easily see that F(p) ~ F(f3)p~ l f3 p when p goes to +00, if F(/3) is finite 
and different from zero. Therefore, the function if){p) given in ( p5|) (resp. 
fl2"6D) goes to /3 when p goes to +00 (resp. —00) . 

When F^ k \f3) — 0, k = 0, • • • , & and when F^ +1 ^(/3) is finite and not equal to 
zero, F(p) ~ (-l) b+1 F^ b+1 \f3)p-^f3 b+1+p when p goes to +00. Then, the 
function if>(p) given in ( pS|) (resp. (p6|)) goes to /3 when p goes to +00 (resp. 
—00) . 

The same reasoning holds for the behavior at —00, indeed we now write (|22| ) : 

F(p) = p- l a p F(ax^)dx (30) 

We get now that the limit at — 00 : 

When F(a) is finite and different from zero, F(p) ~ F(a)p~ l a p . 

When F^ k '(a) = 0,k = 0,---,a and when F^ a+1 \a) is finite and different 

from zero, F(p) ~ (— l) a+1 F^ a+1 \a)p^^ a+2 ^a a+1+p . On these conditions, if>{p) 

given in (^5|) (resp. (f2~6|)) goes to a when p goes to —00 (resp. +00). 

As a < j3, the necessary condition given in Proposition |0] is fulfilled. Using 

the results of section |3], we prove that the coherent states, eigenstates of 

a or according to the choice of the characteristic function, are defined 

when a <\ z | 2 < j3. This completes the proof of the consistency of the 

reconstruction. 

We obtain the following sufficient conditions in order that the construction 
be consistent : 

Proposition 4.4 Let F(x) be a function defined on the interval ]a,f3[ such 
as : 

• the Mellin transform of F exists, 

• F(a) is finite and different from zero or F^ a+1 ^(a) is finite and different 
from zero when F^(a) = 0, for k — 0, • • • , a, 
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• F(j3) is finite and different from zero or is finite and different 

from zero when F®{/3) = 0, for I = 0, • • • , b. 

One can construct two Deformed Harmonic Oscillator Algebras that admits 
a representation on a Hilbert space constituted by functions, holomorphic in 
the ring D a/3 = {z; a 2 <| z \ < (3^} and equipped with the scalar product : 



(0, f) = J F(zz)f(z)g(z)6(zz - a)9(j3 - zz)dzdz (31) 

• One of this DHOA corresponds to the characteristic function j\2d{ ) and in 
the Bargmann representation, its creation operator is the multiplication by z. 

• The second DHOA corresponds to the characteristic function ft2(\) and in 
the Bargmann representation, its annihilation operator is the multiplication 
by z. 

If the edge conditions are not fulfilled the reconstruction may exist but we 
have to establish in each specific cases that the limits at infinities are the 
expected ones. 
Finally, let us remark that 



a 



rP rP rP 

/ F(x)x p ~ 1 dx < / F(x)x p xdx < (3 F(x)x p ~ 1 dx (32) 
Obviously, these inequalities hold when a = or (3 infinite. We obtain : 

a < VKp) < P ( 33 ) 
This constitutes a necessary condition that the function ip must fulfill in 
order that the DHOA have a Bargmann representation : 

Proposition 4.5 Let the function ip characterizing the deformed harmonic 
oscillator algebra be strictly positive and such that its limits at infinities 
are finite and verify 00) < ip(+oo) (resp. ip(—oo) > ip(+oo)). The 
coherent states, eigenstates of the annihilation (resp. creation) operator, exist 
in the ring of the complex plane 

D = {z- V(-oo)V2 <| ^ |< ^ (+oo) i/2 } 
(resp. D = {z; ip(+oc) 1/2 <\ z \< ip(-oo) l/2 }). 

The DHOA can be represented on a space of functions holomorphic in D only 
if ip takes all its values between the two limiting values : 

i/>(-oo) < ip{p) < 4){+co) , 35 s 
(resp. ^(+00) < ip(p) < ip(— 00) ). 
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4.2 D = D 0(3 = {z; \ z | 2 < (3 < +00} 



The second inequality of ( p8|) still holds. Let us denote by v the value such 
as the integration (|22"D is divergent when p < v and convergent when p > v. 
When v = —00 the Mellin transform exists for any p, while when v = +00 
it never exists. As F(v) is infinite while Fiv + 1) is finite, = (resp. 

— v) — 0) defined by (resp. (|2BJ) vanishes. The spectrum of N is 
v + N + ( resp. 2 — v + iV~) when v is finite and Z when v = —00. From 
Proposition O , v must belong to iV~ + {0}. 



The expressions of the coherent states contain one or two infinite summations 
according to v is finite or not. 

• In the case where v = — 00, SpN = Z, the limit at —00 must be done in 
each specific case and we treat an example in the subsection (8.1). This limit 
is positive or zero since F(p) is positive, it must be zero in order that the 
domain of existence of the coherent states be consistent with the definition 
of the given Bargmann Hilbert space. 

Let us summarize this result : 

Proposition 4.6 Let F(x) be a function defined on the interval ]0, /3[ such 
as : 

• the Mellin transform of F exists on the whole real axis, 

• F(P) is finite and different from zero or F^ b+1 \P) is finite and different 
from zero when FV\p) = ; for I = 0, • ■ • , b, 

• and linip^oo F< f ( ^ ) = 0. 

One can construct two deformed harmonic oscillator algebras, corresponding 
to characteristic functions given in $25] ) and $lb\), that admit a representation 
on a Hilbert space constituted by functions, holomorphic in the ring D = 
{z; <| z \< ft?} and equipped with the scalar product : 



(g, f) = / F(zz)f(z)g(z)e(f3 - zz)dzdz (36) 



• In the case where v is finite, it remains only one infinite summation in (|7]), 
this summation is convergent if | z \ 2 < lim p ^ +00 ip{p)- As (3 is finite, this 
limit is obtained by the same reasoning as in the previous case. In this case, 
as the spectrum of iV is lower or upper bounded according as we choose ip 
defined by (|25|) or by (^), the Laurent expansions of the functions belonging 
to the representation space contain terms in z n with n > v as results from 



Propositions RT2| and |3.4|. We then have : 
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Proposition 4.7 Let F(x) be a function defined on the interval ]0, (5 < +oo[ 
such as : 

• the Mellin transform of F only exists when p > v, v finite and belonging 
to N~ + {0}. 

• F(j3) is finite and different from zero or is finite and different 
from zero when F®(0) = 0, for I — 0, • • • , b. 

One can construct two deformed harmonic oscillator algebras, corresponding 



to characteristic functions given in ( $fy) and (\2ol), that admit a representation 
on a Hilbert space equipped with a scalar product ( pfy) and constituted with 
functions holomorphic in the ring D = {z; <| z \< ft?} restricted by the 
condition that the origin be a pole of multiplicity lower or equal to v. 
In particular when v = 0, the functions of the representation space are holo- 
morphic in a disk including the origin. 



When (3 is infinite, the consistency of the demonstration must be done in 
each case, one example is given in subsection 8.2. 



4.3 D = D aoo = {z; < a \ z | 2 } 

In this case, the integration ( p2|) can diverge for v < p and converge for 
p < v. If v is finite, ipiy) defined by equation (p5|) and — v) defined by 
equation is infinite. This corresponds to a case where tp has a singularity 
at a finite distance, not considered in this paper. If v = +oo, ([22] ) always 
converges and the spectrum of N is Z, the consistency must be verified in 
each case. 

In this section, we have obtained consistency sufficient conditions to construct 
of a DHOA from its Bargmann representation when D is a true ring or a true 
disk in the complex plane, an example will be given in the subsection 5.3. 



5 Examples of construction 

In this section, we give four examples of construction of DHOA when its 
Bargmann representation is given, namely F and the domain D of existence 
of the coherent states are given. In the first two examples D is the whole 
complex plane, then the sufficient conditions of consistency of the previous 
section do not apply. In the last two ones it is a ring, one of them illustrates 
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the results of the Propositions [15] and |4.6| , while in the last one the sufficient 
conditions of the previous section are not fulfilled. 

In the following, the proofs are given for DHOA resulting from characteristic 
functions given in ( 25[) and for which the coherent states are the eigenvectors 
of the annihilation operator. Obviously, the same can be developed when 
ip is given by (p6|), leading to DHOA for which the coherent states are the 
eigenvectors of the creation operator, we just state the results. 



5.1 D = C - {0} and F(x) = exp(-a(lnx) 2n ) 

We assume that a is a positive real number and that n is a positive integer. 
As the domain of existence of the coherent states is the whole complex plane, 
the sufficient condition of the previous section are not fulfilled. This example 
is an illustration of where the existence of the DHOA is established 

though the characteristic function if) is not obtained on an explicit form. 
The Mellin transform of F(x) (Il5[) reads : 



F(p) = / e"** +pt dt (37) 



As cr is positive and n is a positive integer, we see that F(p) exists and is 
strictly positive for all p. The function if) given by (^) is then a strictly 
positive function and the spectrum of N is Z. 

The reconstruction of the deformed algebra will be achieved if we prove that 
the coherent states resulting of the function ip such obtained are defined in 
the whole complex plane as assumed. We thus have to study the behavior of 
ip at infinities. 

Let us assume that p is positive. We write (|37j): 



where we choose 



F(p) = [ °° e -°(t+v) 2n +p(t+v) dt (38) 



" = Us^i) J (39) 

in order that the term under the exponential does not contain linear term in 
t and (BHD reads : 
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F(P) = e-^-^(^)^ r dte-°fc*°f~") (40) 

J — oo 

After a change of variable t = uv 1 ~ n , ( |i0|) can be written : 



F(p) = e -^-^(^)^ pdu^-e-^^^-K^-^^) 

(41) 

When p — ► +00, the integral goes to zero like f 1 n and using (Q), we 
have : 



4n(n-l) / p \ ^"Ll 



^(p) ~ e (2n-i)^ U(2n-i); (42) 
We therefore get : 

lim = +00 (43) 

From ([37]), we deduce that 

F(-p) = -F{p) (44) 

so that 

H- p) = £fcP±i> = fW) = _J_ (45) 
F(-/>) F(p) 1) 

Thus when p — > —00, we get that 

lim ip(p) = 0. (46) 
p — >— 00 

The domain of existence of the coherent states is the complex plane and the 
consistency of the reconstruction is established. 

As SpN = Z, the representation space is the space of the functions holomor- 
phic in the complex plane without the origin that is a essential singularity 
point. Similarly, to Equation (EBJ) corresponds another DHOA. 



Proposition 5.1 One can construct two Deformed Harmonic Oscillator Al- 
gebras that can be represented on the Bargmann Hilbert space of functions 
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holomorphic in the complex plane without the origin equipped with the scalar 
product : 



(gj) = J exp(-a(\ogzz) 2n )g(z)f(z)dzdz 

• The characteristic function ip involved in (OU is : 

exp(-qt 2 " + (p + l)t)dt 
V[P) exp(-^n + p t) dt 

and the spectrum of N is Z and the coherent states are the eigenvectors of a. 

• The characteristic function if> involved in (fj[) is : 

jg> exp(-at 2n + (2 - p)t)dt 

and the spectrum of N is Z and the coherent states are the eigenvectors of 
at. 

In the next subsection, we give another example where the results of the 
previous section do not apply and in which the explicit calculation of the 
characteristic function if} can be performed. The main interest of the next 
example is to be a generalization of the usual harmonic oscillator algebra. 

5.2 D = C — {0} and F(x) = exp(-x^) 

We assume that ^ is put on an irreducible form and that it is positive. When 
— = 1, F is the weight function of the Bargmann representation of the usual 



harmonic oscillator 12 



The Mellin transform of F ( |ToD reads 



F(p) = / e~ xm x p - 1 dx (47) 



o 



After a change of variable u — x™ , it reads 



(p) = T i e = ~k (p T } ( } 



and the function ip characterizing the DHOA and resulting from (53) is : 
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From this explicit expression of ip, we deduce that this function is strictly 
positive on the positive axis and vanishes at the origin. The spectrum of iV 
is N+. 

Using the asymptotic behavior of T(z) for large values of | z |, we get : 

m 

Hp) * (jp) k (so) 

Thus limp^+oo Hp) is infinite and the coherent states, as assumed, are defined 
in the whole C. As SpN = N + , the functions of the representation space 
are holomorphic in C, including the origin. A similar construction can be 
performed with the characteristic function (|2 



Proposition 5.2 One can construct two Deformed Harmonic Oscillator Al- 
gebra that can be represented on the Bargmann Hilbert space of functions 
holomorphic in the whole complex plane equipped with the scalar product : 

(g,f) = / exp(-(zz)™)g(z)f(z)dzdz, — > 
J m 

• The characteristic function ip is : 



Hp) 



r(f(p + i)) 



r(f(p)) 

The spectrum of N is N + and the coherent states are the eigenvectors of a. 
• The characteristic function ip is : 



Hp) 



r(f(2-p)) 



r(f(i-p)) 

The spectrum of N is N" + {0} and the coherent states are the eigenvectors 
of a). 

When — = 1, the function ip resulting of Equation ( fi5|) is the characteristic 
function of the usual harmonic oscillator in a fixed representation, namely 
a ] a = N. 
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We end this subsection by comparing the Bargmann representation consid- 
ered in this subsection with the Bargmann representation of the usual har- 
monic oscillator. 

In this subsection, the scalar product (0) is defined in the space S of holo- 
morphic functions of one complex variable and reads : 

(g, f) = J d(d(e-^ f(C)W), f,geS (51) 

Denoting ( = xe %1 ', it can be written : 

i>2-Km Af r+oo 2k 

(9, f) = m- 1 — dx 2 e~x m f( X e tT Mxe* T ) (52) 

JO 2,71 Jo 

The scalar product for the usual Bargmann representation reads : 

(9b, /b) = / dzdze~ Z2 f B (z)g B {z), f B , g B E S B (53) 
It takes the form : 

(9b, Sb) = k~ l — dp 2 e-? f B (pe^)g B (pe^ (54) 
Jo Ztt Jo 

k i—i 

Let us change z = (™, we see that < r < 2nm and that ([54]) reads : 



If r2-wm r\ T /-+oo 2k ,. ,, — r r — 

G?bJb) = — / ^ / rfx 2 e-^"C-- 1 / B (C-)C-- 1 «7B(C-) (55) 
m z Jo 2ir Jo 

The scalar products written in (BSj) and in (K2p are the same but they are 
not defined on the same space of functions : 

Indeed let us write f B (z) = J2i<o fi z '• ■> the functions /(£) = (~ /b(C™) 
belong to S iff fi = when I ^ nm — 1, n being a strictly positive integer. 
The functions / such obtained belong to S but do not cover the whole space 
for they read : 

+00 

/(*) = E fnm-lZ kn - 1 (56) 
n=l 



21 



Proposition 5.3 Let us consider the two Bargmann Hilbert spaces on which 
are represented the usual harmonic oscillator algebra and the DHOA consid- 
ered in this subsection. When, by a change of variables, their scalar products 
are written on the same form (J5^j, the functions belonging to the intersection 
of these two spaces are of the form (\5dj). 



5.3 D = D a(3 and F(x) = x a 

We start with a Bargmann representation such as the coherent states are 
defined on a ring of the complex plane 0<a<p</5<+oo. This 
subsection illustrates the previous section with an example where we obtain 
an explicit expression for the characteristic function ip. 
The Mellin transform of the weight function reads : 

F(p) = [ x° +p - x dx (57) 



First, we see that this integration is finite for any p and any a when a / 
and for p > —a when a = 0. 

The resulting function if), defined by (E5f), takes the form : 



a + p p°+P+i-g°+P+i 

= o- + p + l pr+P-ar+o (58) 

We now must look for the domain of existence of the coherent states in order 
to verify the consistency of this construction. 

• When a ^ 0, the function ip is always positive and the spectrum of iV 
is Z. It is easy to find that the function ip(p) goes to a or (3 when p —* 
— oo or +oo. This implies that the coherent states are defined for a < 
P 2 < A as expected. As SpN = Z, no restrictions appear on the Laurent 
expansions of the holomorphic functions of the representation space. The 
same construction can be done starting with the characteristic function 

Proposition 5.4 One can construct two Deformed Harmonic Oscillator Al- 
gebras that can be represented on the space of functions holomorphic in 
D a /3 = {z] < a <\ z | 2 < (3} equipped with the scalar product : 



(gj)= / (zzy 9 (z)f(z)dzdz, V<7. 

J0<a<\z\ 2 </3 
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The characteristic functions are ip(p) orip(l — p) expressed in ffiBj), SpN is Z 
in both cases and the coherent states are the eigenvectors of the annihilation 
or of the creation operator. 



When a = 0, the characteristic function resulting from ( j25|) is : 



From Proposition |3.8| , we deduce that the construction is only possible when 
a G N + . Then SpN = —a + iV + . The coherent states are defined in 
D — {z; | z | 2 < P} as expected and the origin is a pole of multiplicity 
lower than a for the functions of the representation space. Let us summarize 
this result and that obtained starting with Equation 



Proposition 5.5 One can construct two Deformed Harmonic Oscillator Al- 
gebras that can be represented on the space of functions of the form z~ a f (z) 
where fo(z) is holomorphic in the whole disk D p = {z; \ z | 2 < (3} equipped 
with the scalar product : 



(gj)= {zzYf{z)g{z)dzdz (60) 

J\z\ 2 <f3 

provided that a be zero or a positive integer. Their characteristic functions 
are ip(p) orip{l—p) written in Equation $5$). The spectrum of N is —a+N + 
or a+N~ + {0} and the coherent states are the eigenvectors of the annihilation 
or of the creation operator. 



5.4 D = D Q(3 and F(x) = x a {(5 - x] 



This example does not fulfill the general conditions of Section [| for the deriva- 
tives of the weight function on the edge (5 of D is zero or infinite when 77 is 
not a positive integer. The Mellin transform of F exists when p + o > and 



rj + 1 > and can be calculated in terms of the B function [13 



F(p) = f£{/3 - xfx^P^dx 

= pv+<r+PB(p + a,rj + l) (61) 

^ or;+ g +p r(p+ CT )r(r?+l) 
^ r(p+(T+r)+l) 



The expression of F(p) put in Equation (EH) leads to : 
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When T] — 0, one recovers the function (|59|). The reasoning and the results 
are similar to those of Proposition [5.5| : 



Proposition 5.6 One can construct two Deformed Harmonic Oscillator Al- 
gebras that can be represented on the space of functions of the form z~ a fo(z) 
where fo{z) is holomorphic in the whole disk D = {z; \ z | 2 < (3} equipped 
with the scalar product : 



(9, f)= (P~ zzY{zzYf{z)g{z)dzdz (63) 

J\z\2<l3 

provided that a be zero or a positive integer. Their characteristic functions 
are i]){p) orip{l—p) written in Equation fth!\). The spectrum of N is —a+N + 
or cr+iV~ + {0} and the coherent states are the eigenvectors of the annihilation 
or of the creation operator. 

5.5 D = D a p and F(x) = exp(x — (3)~ x 

In this example, the general conditions of the section |] are not fulfilled too, 
for all the derivatives of F(x) vanish on the edge (3 of D. To simplify, we 
give the proofs for a = 0. 

The Mellin transform of F(x) are defined for p > 0. Integrating by parts, we 
get : 

1 r@ ( 1 \ x p 

F{p) = - exp[ -dx (64) 

p Jo \x — p J (p — x) z 

Expanding {(3 — x)~~ 2 , we obtain the relation : 

p = ^Y,^ Hp + n+l) (65) 

Now, when p — > oo, necessarily goes to the limit /3 < (3 according 

Proposition |4.5| . This implies : 

lim #(p + n + l) ^ 
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This result is used to calculate the right hand side of Equation (|65| ) when 
p goes to oo. As the limit of the left hand side is infinite, we obtain a 
contradiction unless /3 7^ (3. As F(0) is infinite, ^(0) = and the coherent 
states are defined in D p. The consistency conditions are satisfied. Let us 
state the result for arbitrary a : 

Proposition 5.7 One can construct two Deformed Harmonic Oscillator Al- 
gebras that can be represented on the space of functions holomorphic in D a p 
equipped with the scalar product : 

(g,f)= exp(zz - f3)f(z)g(z)dzdz (67) 

Ja<\z\ 2 <l3 

The spectrum of N is N + or N~ + {0} when a = and Z when a 7^ and 

the coherent states are the eigenvectors 

• of the annihilation when the characteristic function is 



fa exp(x — P) l x p dx 
or of the creation operator when the characteristic function is tp(l — p) 



From these examples, we conjecture that the propositions of Section § can 
be largely extended. 

6 Conclusion 

Giving a ring D in the complex plane and a positive function F that char- 
acterize a functional Bargmann Hilbert space S, we have discussed the con- 
ditions under which exists a DHOA that admits a Bargmann representation 



in S, as defined in 1.2. We have obtained conditions on the weight function 



in order that solutions exist 



- in Proposition [4.1| , we give necessary conditions, 

- in Propositions [4.4| , |4.5| , [4.6| , [4.7| , we give sufficient conditions, when D is 
not the whole complex plane. 

When one DHOA solution exists, another DHOA exists, if the annihilation 
operator of the first one possesses eigenvectors generating the representation 
space, the same holds for the creation operator of the second one. 
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Finally, we have developed some examples that does not fulfill the sufficient 
conditions, in particular, when D is the whole complex plane. We have 
obtained deformations of usual Harmonic Oscillator Algebra through defor- 
mations of its Bargmann representation. 
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